Kriging is a useful method for developing metamodels for product design optimization.
Introduction
The use of computer modeling and experiments is becoming more and more popular for product design optimization [1] . Based on the physical knowledge of the product, models such as finite element models can be formulated and solved on computers. Although cheaper than experimenting on products or prototypes, computer experiments can still be time consuming and expensive. An approach to reduce the computational time and cost is to perform optimization on a metamodel that approximates the original computer model. The metamodel can be estimated from data by running the computer experiment on a sample of points in the region of interest.
Kriging is widely used for obtaining the metamodels [2, 3, 4] . For examples, [5] uses kriging for the thermal design of wearable computers and [6] uses kriging for the design of a variable thickness piezoelectric bimorph actuator. See [7, 8, 9, 10] for more examples. The popularity of kriging is due to the fact that computer models are often deterministic (i.e., no random error in the output) and thus interpolating metamodels are desirable. Kriging gives an interpolating metamodel and is therefore more suitable than the other common alternatives such as quadratic response surface model.
A kriging model, known as universal kriging, can be stated as follows [11] . Assume that the true function y(x), x ∈ R p , is a realization from a stochastic process
where µ(x) = and ψ(−h) = ψ(h). In this formulation µ(x) is used to capture the known trends, so that Z(x) will be a stationary process. But, in reality, rarely will those trends be known and thus the following special case, known as ordinary kriging, is commonly used [11, 12, 13] ,
The metamodel (or the predictor) can be obtained as follows. Suppose we evaluated the function at n points {x 1 , · · · , x n } and let y = (y 1 , · · · , y n ) be the corresponding function values. Then ordinary kriging predictor is given bŷ y(x) =μ 0 + ψ(x) Ψ −1 (y −μ 0 1),
where 1 is a column of 1's having length n, ψ(x) = (ψ(x − x 1 ), · · · , ψ(x − x n )), Ψ is an n × n matrix with elements ψ(x i − x j ), andμ 0 = 1 Ψ −1 y/1 Ψ −1 1. It is the best linear unbiased predictor, which minimizes the mean squared prediction error E{Ŷ (x) − Y (x)} 2 under the model in Eq. (2) .
The predictor in Eq. (3) is an interpolating predictor and is easy to evaluate. However, it has some problems. First, the prediction can be poor if there are some strong trends (see the simulation results in [14] ). Second, it is not easy to understand the effects of the factors by just looking at the predictor. Of course, sensitivity analysis techniques such as the functional analysis of variance can be used for understanding and quantifying their effects [1] , but the proposed predictor in this article is a much simpler alternative. Third, the predictor is not robust to the misspecification in the correlation parameters (see [15] for examples). In this article, we propose a modification of universal kriging predictor that overcomes the foregoing problems of ordinary kriging predictor.
Blind Kriging
We propose a simple modification to universal kriging model in Eq. (1). We do not assume the functions v i 's to be known. Instead, they are identified through some data-analytic procedures. Because v i 's are unknown in our model, we name it blind kriging. Thus, the blind kriging model is given by
where
, and m are unknown. Here Z(x) is assumed to be a weak stationary stochastic process with mean 0 and covariance function σ 2 m ψ. The correlation function ψ can also depend on m, but for the moment assume it to be independent. The blind kriging predictor, which has the same form as that of universal kriging predictor, is given bŷ
The most important step in blind kriging is to identify the unknown functions v i 's.
They can be chosen from a set of candidate functions (or variables) using variable selection techniques. If some simple functions are used in the candidate set, then the predictor can be easily interpreted using the first part v(x) μ m . The second part of the predictor ψ(x) Ψ −1 (y − V mμ m ) helps to achieve interpolation.
Variable Selection
There are many variable selection techniques that are popular in regression analysis such as forward selection, backward elimination, and step-wise regression [16] . Recently, many other techniques have also been proposed [17, 18, 19, 20] . All of these techniques have a drawback for using in the analysis of experiments and in particular for blind kriging. They do not lead to models that satisfy the well known principles of effect hierarchy and effect heredity [21] .
The effect hierarchy principle states that lower order effects (such as main effects) are more important than higher order effects (such as two-factor interactions) and the effect heredity principle states that in order for an interaction effect to be significant, at least one of its parent factors should be significant. These principles are useful for identifying models that are simple and interpretable. Ref [22] (6) and (7) should be changed accordingly (see the Appendix). The linear and quadratic effects can be defined using the orthogonal polynomial coding [25] 
for j = 1, 2, · · · , p. The variables x jl and x jq are scaled so that they have the same length √ 3 when x j takes the values 1, 2, and 3. The two-factor interaction terms can be defined as the products of these variables. For example, the linear-by-quadratic interaction term between x 1 and x 3 can be defined as x 1l x 3q . 
, and u 8 = x 1q x 2q . Note that when t > n − 1, a frequentist estimation of the β i 's is not possible. However, all of the t effects can be simultaneously estimated using a Bayesian approach. For doing this, we need to postulate
where 0 is a vector of 0's having length t + 1 and R is a (t + 1) × (t + 1) diagonal matrix.
The matrix R can be constructed as follows. Assume that the correlation function in ordinary kriging model has a product correlation structure given by ψ(h) = 
and
The foregoing connection with kriging makes this Bayesian variable selection technique the most suitable among its competitors. As shown in [23, 24] the effect hierarchy and effect heredity principles are embedded in the prior.
Assume that Z(x) in Eq. (4) follows a Gaussian process. Then the posterior mean of β can be approximated by [24] 
where U is the model matrix corresponding to the experimental design. A variable can be declared important if its absolute coefficient is large. Thus the variable to enter at each step m = 0, 1, 2, · · · can be selected as the variable with the largest |β i |. We note that [23, 24] instead uses the standardized coefficient for variable selection. Both produce similar results, but the computation of the former is easier. For maximizing |β i |, without loss of generality we can set τ predictor interpolates the data and thus gives a perfect fit. Therefore, the prediction errors are all 0. This prevents us from using the standard model selection criteria in regression analysis such as C p -statistic and Akaike information criterion [16] . We overcome this problem by using cross validation errors.
Letŷ (i) (x) be the predictor after removing the ith data point. Then the leave-one-out cross validation error is defined as
Define the cross validation prediction error (CVPE) by
Now we can choose the value of m that minimizes CV P E(m). We should point out that the foregoing approach of using cross validation errors works well only if the experimental data points are able to capture the trends in the true function.
The cross validation errors can be computed only after estimating the unknown parameters from the data, which is discussed in the next section. Among the parameters, those associated with the correlation function are computationally difficult to estimate. Clearly, the computations will become even more difficult if we need to estimate those parameters after removing each data point. Therefore, we recommend keeping the correlation parameters the same when computing cross validation errors.
Estimation
We choose the following Gaussian product correlation function
which is the most popular correlation function used in computer experiments. Other correlation functions such as cubic correlation function and Matérn correlation function could also be used [3] . Let θ = (θ 1 , · · · , θ p ) . The parameters µ m , σ 2 m , and θ can be estimated by maximizing the likelihood. Because the model is selected based on a cross validation criterion, it may seem more appropriate to use the same criterion for estimation. However, many empirical studies have shown that the maximum likelihood estimates perform better than the estimates based on cross validation [3, 14] .
Under the assumption that Z(x) in Eq. (4) follows a Gaussian process, the negative of the log-likelihood is given by
For the moment assume that θ is known. Minimizing N L with respect to µ m and σ 2 m , we obtain [3] 
Thus, the minimum value of N L is
Now consider the case with unknown θ. It can also be estimated by minimizing N L in Eq. (11) . However, the minimization is not a trivial task. We have encountered multiple local minima in many examples and thus, finding the global minimum is difficult. Therefore, we propose to estimate θ only at m = 0. Thuŝ
Keeping the correlation parameters the same at each step also helps in identifying a mean model that satisfies effect heredity [24] . At the final step, that is after choosing m, the correlation parameters can be again estimated (i.e., by minimizing N L in Eq. (11)), which can give a better prediction. Because θ is estimated two times, the computational complexity in fitting a blind kriging model is roughly twice as that of an ordinary kriging model. The approach is explained with examples in the next section.
Examples

Example 1: Engine block and head joint sealing Experiment
The engine block and head joint sealing assembly is one of the most crucial and fundamental structural design in the automotive internal combustion engine. Design decisions must be made upfront, prior to the availability of a physical prototype, because it affects downstream design decisions for other engine components as well as significantly impacts the long lead due to multiple functional requirements (e.g., combustion gas, high pressure oil, oil drain, and coolant sealing) and complicated geometry; thus, the interactions among design parameters in this assembly (block and head structures, gasket, and fasteners) have significant effects.
To best simulate the engine assembly process and operating conditions, a finite element model was developed to capture the complexity of part geometry, the compliance in the components, non-linear material properties, and contact interface between the parts (see Fig. 1 ). To address performance robustness of the joint sealing, manufacturing variability of the mating surfaces and head bolt tensional load are included in the analysis for which design parameters are optimized. Because the assembly model is computationally expensive, the availability of a computationally efficient and accurate metamodel is important for optimizing the design.
Eight factors are selected for experimentation: gasket thickness (x 1 ), number of contour zones (x 2 ), zone-to-zone transition (x 3 ), bead profile (x 4 ), coining depth (x 5 ), deck face surface flatness (x 6 ), load/deflection variation (x 7 ), and head bolt force variation (x 8 ). Because of the complexity in the simulation setup and the excessive computing requirements, only 27 runs are used for the experiment. The experimental design, which is a 27-run orthogonal array [25] , is given in Table 1 .
In this example, we analyze only the gap lift (y). To avoid numerical problems, we have constrained each θ i in [.01, 4] in the optimization of the likelihood. We obtain CV P E(0) = .5784. The ordinary kriging predictor is given bŷ
whereψ(x) is a vector of length 27 with ith element
andΨ is a 27 × 27 matrix whose ijth element is ψ(
Now consider blind kriging. To apply the Bayesian forward selection technique in [23, 24] , we first need to construct the R matrix. It is a 129 × 129 diagonal matrix given bŷ
where U is a 27 × 129 matrix whose first column is 1 and the other columns correspond to the values of x 1l , x 1q , x 2l , · · ·, x 7q x 8q . Note that because we are only interested in finding the maximum value of |β i |, we have set τ Fig. 2 . We can see that the maximum value of |β i | occurs for the coefficient of the linear-by-linear interaction term of x 1 and x 6 . This could have been easily identified without using a half-normal plot; it is given here only for illustration.
Thus, take v 1 = x 1l x 6l . Again estimate the coefficients usinĝ
whereμ 1 is obtained from Eq. (9) and V 1 is a 27 × 2 matrix whose first column is 1 and the second column is the values of v 1 . Note that in this computation, the matricesR, U , and Ψ remain the same as before. At this step, we identify x 1l as the most significant among the remaining variables, because it has the largest |β i |. Thus, take v 2 = x 1l and continue the forward selection procedure. In the next four steps, the variables x 6l , x 1q x 6l , x 1q , and x 2l x 6q are selected. The CV P E(m) decrease as shown in Fig. 3 (in the figure ordinary kriging is denoted by OK). The next variable to enter is x 6q , but it increases the CV P E(m). We checked a few more steps and found that CV P E(m) is continued to increase and thus we choose m = 6. We obtain CV P E(6) = .4243. It is also informative to calculate the usual R 2 value used in regression analysis. For our problem, we can define it by [23]
It is also plotted in Fig. 3 . We can see that the six variables in the mean part explains about 86% of the variation in the data. The kriging part captures the remaining 14%.
The correlation parameters θ can again be estimated by minimizing N L in Eq. (11).
The newθ is obtained asθ = (.01, .01, .01, .01, 4, .24, 4, .14) . We obtain CV P E(6) = .2702, which is much smaller than using the θ estimated at the beginning. The CVPE shows about 53% improvement in prediction using blind kriging over ordinary kriging (CV P E(0) = .5784).
The blind kriging predictor is given bŷ
It is clear from the mean model that x 1 and x 2 have interactions with x 6 . Because x 6 (the deck face surface flatness) is a noise factor, robustness against it can be achieved by adjusting the two control factors x 1 and x 2 . This cannot be understood from ordinary kriging predictor without performing additional sensitivity analysis [26] .
Example 2: Piston Slap Noise Experiment
Piston slap is an unwanted engine noise resulting from piston secondary motion. A computer experiment was performed by varying six factors to minimize the noise. The factors were set clearance between the piston and the cylinder liner (x 1 ), location of peak pressure (x 2 ), skirt length (x 3 ), skirt profile (x 4 ), skirt ovality (x 5 ), and pin offset (x 6 ). The experimental design and the data are given in Table 2 . More details of the experiment can be found in [27, 28] . To apply the Bayesian forward selection, first we scale x 1 , x 2 , x 3 , and x 6 to [1.0, 3.0]. For ordinary kriging, we obtainθ = (1.17, .01, .23, .01, .01, .71) and CV P E(0) = 1.4511. The CV P E(m) and R 2 (m) are plotted in Fig. 4 based on the variables identified by the Bayesian variable selection technique. We see that the three variables x 1l , x 1l x 6l , and x 1q x 6l give the minimum CV P E(3) = 1.2777. The corresponding R 2 (3) = .79, which shows that the three variables alone explain about 79% of the variability in the data. Estimating θ again, we obtainθ = (.01, .01, .09, 1.32, .01, .46) and CV P E(3) = 1.1168. Thus, we can expect about a 23% improvement in prediction using blind kriging over ordinary kriging. The blind kriging predictor is given bŷ
We can see that in this example the CV P E increased after the first step but then came down significantly after two more steps. This shows that we should not stop the procedure immediately when we observe an increase in CV P E. The procedure should be continued An additional 100 runs were performed for validating the results. The two densities of the prediction errors for ordinary kriging and blind kriging are shown in Fig. 5 . It clearly shows that blind kriging gives a much better prediction. We can also calculate the root-mean squared prediction error (RMSPE) using
For ordinary kriging RM SP E = 1.3626 and for blind kriging RM SP E = 1.0038, which
shows that the prediction error of blind kriging is smaller than that of ordinary kriging by about 26%.
There are several case studies reported in the literature where universal kriging is applied instead of ordinary kriging. Ref [30] used universal kriging with all linear effects in the mean part of the model for the optimization in a material cellular design problem; see [31] for other examples. In this example, we fitted a universal kriging model with linear effects for all of the factors. The universal kriging predictor is given bŷ
(y − Vμ), withθ = (0.14, 0.01, 0.17, 0.01, 0.01, 0.09). The RM SP E for the 100 validation runs is obtained as 1.5109, which is larger than both ordinary and blind kriging. The reason for this poor performance is that the mean part of the universal kriging model contains some unimportant effects (R 2 is only 25.4%). This shows the danger of using a universal kriging model without proper variable selection.
Example 3: Borehole Model
The following simple function for the flow rate through a borehole is used by many authors to compare different methods in computer experiments (see e.g., [29] ):
ln(r/r w ) 1 + For convenience, we use the same 27-run experimental design in Table 1 . blind kriging is more robust to misspecification in the correlation parameters than is ordinary kriging. This is a great advantage, because in practice it is difficult to obtain precise estimates of the correlation parameters.
We also tried universal kriging method for the borehole example. Two models are fitted, one with all linear terms and the other with all linear and quadratic terms. The RMSPE values for the 1,000 runs are given in Table 3 . We can see that they are much higher than that of ordinary kriging and blind kriging. Thus, including unimportant variables in the mean part can actually deteriorate the performance. This clearly shows the importance of selecting variables carefully and the superiority of blind kriging over universal kriging.
Conclusions
It is a common practice in the literature to use a constant mean for the kriging model.
Although some recent studies point out the benefits of using more complex models for the mean [14, 30] , none of them have proposed a systematic methodology to obtain such models. In fact, the problem is much more complicated than merely using a complex model for the mean. Unnecessary variables in the mean model can deteriorate the performance. Therefore only those variables that have a significant effect on the response should be used for the mean model. We showed that they can be identified using a Bayesian forward selection technique proposed in [23, 24] .
The Bayesian forward selection technique is directly related to kriging, which makes it attractive to use in blind kriging method. The most difficult step in this Bayesian technique is the estimation of correlation parameters. However, the estimates are readily available from ordinary kriging model and thus, the technique can be applied with no additional difficulty.
Another advantage of the technique is that it incorporates the effect hierarchy and heredity principles through prior specification and thus, produces interpretable models.
We also note that a naive strategy of identifying important variables using a variable selection technique and then fitting the kriging part, in general will not work. This is because the performance of blind kriging is quite sensitive to the number of variables used in the mean part. Our approach computes the cross validation errors at each step of the Bayesian forward selection technique and selects the model with minimum error. It may happen that ordinary kriging itself is the optimal predictor, which cannot be detected in the naive strategy that applies a variable selection technique without considering the kriging part. Thus, we believe that the use of cross validation errors along with the Bayesian forward selection technique is critical for obtaining a good blind kriging predictor.
Several examples presented in the article demonstrate that substantial improvement in prediction can be achieved by using blind kriging. It is also shown that blind kriging predictor is simpler to interpret and is more robust to the misspecification in the correlation parameters than ordinary kriging predictor.
the linear model as µ 0 + 3 p −1 i=0 β i u i and assume a product correlation structure given by ψ(h) = p j=1 ψ j (h j ). Then, it can be shown that [24] β 0 ∼ N 0, τ 
where r jl and r jq for j = 1, · · · , p are calculated using Eq. (7). Further, [24] shows that β i 's are approximately independent. Thus, the prior distribution for β is a multivariate normal distribution with mean 0 and variance-covariance matrix τ 2 0 R, where R = diag{1, r 1l , r 1q , . . . , r 1q · · · r pq }.
Let the experiment has n runs and let y be the data. We have y = µ 0 1 + U β, where U is the model matrix with dimension n × 3 p . Using Bayes theorem, the posterior distribution 
